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Abstract 

Let A be a unital C*-algebra. We shall introduce involutive A-A-equivalence 
bimodules and prove that any C* -algebra containing A with Watatani index 2 is 
constructed by an involutive A-A-equivalence bimodulc. 
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1. INTRODUCTION 

V. Jones introduced an index theory for II\ factors in [Hj . One of his motivations 
is the Goldman's theorem, which says that if M is a type II\ factor and N C M 
is a subfactor with the Jones index [M : N] = 2, then there is a crossed product 
decomposition M — N xi a Z2, where Z2 is the group Z/2Z of order two. Since Jones 
index theory is extended to C*-algebras by Y. Watatani, it is worth to investigate 
Goldman type theorem for inclusions of simple C*-algebras. In the present paper, 
we shall study the inclusion A C B of C*-algebras with a conditional expectation 
E : B — > A of Index E = 2. In 4.2 Examples, we shall show that Goldman type 
theorem does not hold for inclusions of simple C*-algebras in general by exhibiting 
examples of inclusions like a non-commutative sphere in an irrational rotation C*- 
algebra Ag and irrational rotation C*-algebras A^e C Ag with different angles. 
Therefore there occurs the following natural question: What kind of structures are 
there in the inclusion of C*-algebras with index 2? We shall answer the question in 
the present paper: Any inclusion of C*-algebras with index two gives an involutive 
equivalence bimodulc. 



Let us explain the notion of involutive equivalence bimodules. Consider a typical 
situation, that is, the inclusion A C B is given by the crossed product B = Ax a 1,2 
by some action a : Z 2 — > Aut(A). Then the canonical conditional expectation E : 
B — > A has Index E = 2. Moreover there exists the dual action a : Z2 — > Aut(B) 
such that 



where M 2 (C) is the 2 x 2-matrix algebra over C. It is well known that the C*-basic 
construction C*(B,eA) is exactly (A x a Z2) Xa Z2. Then the Jones projection ca 
corresponds to the projection en = diag(l,0) and 1 — eA corresponds to e 2 2 = 
diag(0, 1), where diag(\, fi) is a 2 x 2-diagonal matrix with diagonal elements A, 
fi. Let X = en (A ® M2(C))e22- Then X is an A-A-equivalence bimodule in the 
natural way. There exists a natural involution on X such that 



ules. In Theorem 3.3.1, we shall show that even if B is not a crossed product of 
A, the inclusion of C* -algebras with index 2 gives an involutive A-A-equivalence 
bimodule. Moreover the set of inclusions of C*-algebras with index 2 has a one 
to one correspondence with the set of involutive A-A-cquivalcncc bimodules up to 
isomorphisms. 

In Proposition 4.1.2, we shall characterize the subclass such that B is the twisted 
crossed product of A by a partially inner C*-dynamical system studied by Green, 
Olsen and Pedersen. The characterization is given by the von Neumann equivalence 
of eA and 1 — eA in C*(B, e^)- 



2.1. Some results for inclusions with index 2. Let B be a unital C*-algebra 
and A a C*-subalgebra of B with a common unit. Let E be a conditional expec- 
tation of B onto A with 1 < IndexE < 00. Then by Watatani ^21 we have the 
C*-basic construction C*(B,eA) where eA is the Jones projection induced by E. 



{A x Q Z 2 ) x s Z 2 S A®M 2 (C), 




We pick up these properties to define the notion of involutive equivalence bimod- 



2. Preliminaries 
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Let E be the dual conditional expectation of C*{B, e A ) onto B denned by 

E(aeAb) — —ab for any a,b G B, 

where t — IndexE. Let F be a linear map of (1 — e A )C*{B, e A )(l — e A ) to A(l — e A ) 
defined by 

F(a) = T ^ J (EoE)(a)(l-e A ) 
for any a € (1 — ca)C* (B, e A )(l — e^). By routine computations we can see that 
F is a conditional expectation of (1 — e A )C*(B, ca)(1 — e A ) onto A{\ — e^). 

Lemma 2.1.1. With the above notations, let {(a;,, x*)}f =1 be a quasi-basis for E. 
Then 

{Vt - 1(1 - e A )xje A Xi{l - e A ), Vt- 1(1 - eA)a£e.Aa£(l - e^)}^- =1 
is a quasi-basis for F. Furthermore IndexF 1 = (t — 1) 2 (1 — e A ). 

Proof. This is immediate by direct computations. □ 

Corollary 2.1.1. We suppose that IndexE 1 = 2. Then 

{1 - e A )C* (B,e A ){l - e A ) = A(l - e A ) = A. 

Proof. By Lemma l2 . 1 . ll thcre is a conditional expectation F of (1— e A )C*(B, e A )(l— 
e A ) onto A(l — ca) and 

IndexF = (IndexE - 1) 2 (1 - e A ). 

Since IndexE = 2, IndexE = 1 — eA- Hence by Watatani |12| . 

(1 - e A )C*(B, e A )(l - e A ) = A(l - e A ). 

If a(l — ca) = 0, for a S A, then a = 2E(a(l — ca)) — 0. Therefore the map 
a i ► a(l — e^) is injective. And hence ^4(1 — e A ) = v4 as desired. □ 

Lemma 2.1.2. W^t/i i/ie same assumptions as in Lemma \2.1.1V we suppose that 
IndexE = 2. Then for any b e B. 

(I - e A )b{l - e A ) = E(b)(l - e A ). 
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Proof. By Corollarv l2. 1 . ll there exists a £ A such that (1 — eA)b(l — e A ) = a(l — e A ). 
Therefore a = 2E(a(l - e A )) = 2E((1 - e A )6(l - e A )) = E(b). This completes the 
proof. □ 

Proposition 2.1.1. With the same assumptions as in Lemma \2.1.1\ we suppose 
that Indexi? = 2. Then there is a unitary element U £ C*{B,e A ) satisfying the 
following conditions: 

(1) U 2 = I, 

(2) UbU* = 2E(b) -b for b £ B. 

Hence if we denote by j3 the restriction of Ad(U) to B, [3 is an automorphism of B 
with f3 2 = id and B 13 = A. 

Proof. By Lemma \2. 1.21 for any b £ B 

(1 - e A )b(l - e A ) = E(b)(l - e A ) = E(b) - E(b)e A . 
On the other hand 

(1 - e A )b{l -e A ) = b- e A b - be A + E(b)e A . 

Therefore 

E{b) = b~e A b- be A + 2E{b)e A . 
Let U be a unitary element defined by U — 2e A — 1. Then by the above equation 
for any b £ B 

UbU* = 2(6 - e A b - be A + 2E{b)e A ) - b 
= 2E(b) - b. 

Thus we obtain the conclusion. □ 
Remark 1. By the above proposition, E(b) = \ {b + (3(b)). 

Lemma 2.1.3. Let B be a unital C* -algebra and A a C* -subalgebra of B with a 
common unit. Let E be a conditional expectation of B onto A with Indexi? = 2. 
Then we have 

C*(B,e A )=Bx^ 2 . 



Proof. We may assume that B x\p 1 2 acts on the Hilbert space l 2 (Z 2 , H) faithfully, 
where H is some Hilbert space 011 which B acts faithfully. Let W be a unitary 
element in B Xp Z 2 with /? = Ad(W), W 2 = 1. Let e = |(W + 1). Then e is a 
projection in B Z2 and e6e = E(b)e for any b € B. In fact, 

e6e = ^(WbW + bW + Wb + 6). 

On the other hand by Remark ^ 

E(b)e = hb + 0(b))-(W + 1) = ^(WW + 6W + Wb + b). 

Hence ebe = E(b)e for b E B. Also A 3 a ae E B xi p Z 2 is injective. In fact, 
if ae = 0, aW + a = 0. Let /3 be the dual action of (3. Then = /3(aW + a) = 
-aW + a. Thus 2a = 0, i.e., a = 0. Hence by Watatani [T2J Proposition 2.2.11], 
C*(B, ca) = B x@ Z 2 . □ 

Remark 2. (1) By the proofs of Watatani |12l Propositions 2.2.7 and 2.2.11], 
we see that n(b) = b for any b E B, where k is the isomorphism of C* (B, e^) 
onto B xi p Z 2 in Lemma \2. 1.31 
(2) The above lemma is obtained in Kajiwara and Watatani [7J Theorem 5.13] 

By Lemma f2 . 1 . 31 and Remark|2 we regard (3 as an automorphism of C*(B,ca) 
with (5(b) = b for any b E B,(3 2 — id and (3(ca) = 1 — e-A- 

Lemma 2.1.4. With the same assumptions as in Lemma \2.1.'?A 

C*(B,e A f = B. 

Proof. By Lemma |2 . 1 . 31 for any x E C* (B, e^), we can write x = bi + b 2 U , where 
61,62 E B. We suppose that /3(x) = x. Then 61 - b 2 U = b x + b 2 U. Thus 6 2 = 0. 
Hence x — b\E B. Since it is clear that B C C*(B, ca) 13 ', the lemma is proved □ 

2.2. Involutive equivalence bimodules. Let A be a unital C*-algebra and X(= 
^JGi) an A- A- equivalence bimodule. X is involutive if there exists a conjugate 
linear map x 1— > x" on X, such that 

(l) (xB)» = z, iel, 
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(2) (a ■ x ■ b)$ = b* ■ x* ■ a*, x £ X, a,b £ A, 

(3) A(x,y*) = (x*,y) A , x,y£X, 

where a(,) and (,)a are the left and the right A- valued inner products on X, 
respectively. We call the above conjugate linear map an involution on X. 

For an ^4-^4-equvalence bimodule X, we define its dual bimodulc. Let X be X 
itself when it is considered as a set. We write x when x is considered in X. X is 
made into an equivalence A-A-bimodule as follows: 

(1) x + y = x + y, Xx — \x for any x,y £ X and A £ C, 

(2) b ■ x ■ a = a* ■ x ■ b* for any a, b £ A and x £ X, 

(3) A (x, y) = (x,y) A , (x,v)a = a(x,v) for any x,y £ X. 

Lemma 2.2.1. Let V be a map of an involutive A- A- equivalence bimodule X onto 
its dual bimodule X defined by V{x) = x^ , where x means x as viewed as an element 
in X. Then V is an A- A- equivalence bimodule isomorphism of X onto X . 

Proof. This is immediate by routine computations. □ 

3. Correspondence between involutive equivalence bimodules and 
inclusions of c* -algebras with index 2 

Let A be a unital C*-algebra and we denote by (B, E) a pair of a unital C*- 
algebra B including A as a C*-subalgebra of B with a common unit and a condi- 
tional expectation E of B onto A with Indcx£? = 2. Let C be the set of all such 
pairs (B, E) as above. We define an equivalence relation ~ in C as follows: for 
(J5, E), (Bi, E\) £ C, (B, E) ~ (Bi, E\) if and only if there is an isomorphism 7r of 
B onto B\ such that ir(a) = a for any a £ A and E\ o n = E. We denote by [B, E] 
the equivalence class of (B, E). 

Let M. be the set of all involutive A-A-equivalence bimodules. We define an 
equivalence relation ~ in M. as follows: for X, Y £ A4, X ~ Y if and only if there 
is an A-A-equivalence bimodule isomorphism p of X onto Y with p(x^) = p(x)K 
We call p an involutive A-A-equivalencc bimodule isomorphism of X onto Y. We 
denote by [X] the equivalence class of X. 
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3.1. Construction of a map from CJ ~ to M/ <~. We shall use the same 
notations as in section [21 

Let B be a unital C*-algebra and A a C*-subalgebra of B with a common 
unit. Let E be a conditional expectation of B onto A with Indexi? = 2. Then by 
Watatani [T2j and Corollary HTTP 

(1) e^C* (B, &a)ca = ^le^ = A, 

(2) (l-eA)C*<B ) eA>(l-eA)=A(l-e jt )SA. 

Let f/' be an isomorphism of A onto AeA defined by ip(a) = oca for any a € A and 
4> an isomorphism of A onto A(l — e^) defined by <f> = (3 o ip. Let Xmm = -Xb = 
caC*(B, ca)(1 — e^)- We regard as a Hilbert A-A-bimodule in the following 
way: for any a,b € A and x G Xb, a ■ x ■ b — ip(a)x(f>(b) = axb. For any x, y G Xb, 
a{x,V) = ^{xy*), (x,y) A = 4>~ l {x*y). 

Lemma 3.1.1. With the above notations, Xb is an A- A- equivalence bimodule. 

Proof. This is immediate by routine computations. □ 

Let x i— > x* be a conjugate linear map on Xb defined by x" = /3(x*) for any 
x 6 Since (3 2 — id, (x")" = x. Since /3(a) = a for any a 6 A, (a • x • 

6) It = /3(6*x*a*) = 6* • xt • a* for x G X, a, b G A. Furthermore, for x,y G X B 
a(^)J/") = (xKv)a by an easy calculation. Therefore Xb is an element in A4. 

Remark 3. Xb is isomorphic to (1— ba)0*{B, ca)£a as A- ^-equivalence bimodules. 
Indeed, the map (1— eA)C* (B, eA)&A 3 {^~&A)xeA i— ► e^x* (1 — e^), x G C*(B, e^) 
gives an A-A-equivalence bimodule isomorphism of (1 — e^)C*(-B, eA)eA onto Xb, 
where y means y viewed as an element in Xb for any y G Xb- Sometimes, we 
identify Xb with (1 — ca)C* (B, ca)ga- 

Let T be a map from £/ ~ to .M/ ~ defined by JF([_B,i?]) = [Xb] for any 
[-B, E] G £/ ~. 



Lemma 3.1.2. With the above notations, T is well-defined. 

7 



Proof. Let (B,E),(B 1 ,E 1 ) e £ with (B,E) ~ Let X B and X Sl be ele- 

ments in M denned by (B,E) and {B\,E\), respectively. Since (B,E) ~ (Bi,Ei), 
there is an isomorphism tt of _B onto i?i such that 7r(a) = a for any o € A and 
Ei o tt = E. Let 7? be a homomorphism of the linear span of { beAC, \ b,c G B } 
to C*(Bi, eA,i) defined by n(beAc) = 7r(6)e^ ; i7r(c) for any 6, c e £?. Then for 
6i, Cj e -B(« = 1, 2, • • • , n) and a £ B, 



7r 51 ^e^c, 7r(a) 



^7r(6,)£;i (7r( Ci a)) 



53 



On the other hand 



y^bjeACja 



Hence 



53 biE(cia) 



i=l 



53 Eia'cVEWbjMcja) 

1,3 = 1 



7T ^eAQ 



sup • 



sup • 



7T ^ ^ e ^ C i 7r ( fl ) 



i=l 



|Si(7r(a)*7r(a))|| = I, a e B 



53 bjCACja 



\E(a*a)\\ = I, a e B 



53 b , 



GACi 



Thus tt can be extended to an isomorphism of C*{B, e^) onto C* (Bi, e^.i)- Hence 
tt is an involutive ^4-^4-equivalence bimodule isomorphism of Xb onto since 
7r(eA) = e^,!- In fact, for a e A and x € C*(B,ca) 



ir(a ■ e A x(l - e A )) = e A ,iair(x)(l - e A ,i) = a ■ ir(e A x(l - e A )), 



Similarly 



Tt{e A x{l - e A ) ■ a) = ir(e A x(l - e A )) ■ a. 



Also, for x,y £ C*(B, e A ), 

A (%(e A x(l - e A )),%(e A y(l - e A ))) = (^f 1 o 7?) (e A x(l - e A )y*e A ) 

= A (e A x(l - e A ), e A y(l - e A )), 



(ir(e A x{l - e A )),ir{e A y{l - e A ))) A = <fi - e A )x*e A y(l - e A )) 

= (e A x(l - e A ),e A y(l - e A )) A 

since ip^ 1 —7ro^p and n o (3 — f3\ o tt. Furthermore, for any x £ C*(B, e A ) 

n((e A x(l - e A )f) = n(e A (3(x)*(l - e A )) 

= (e Af rir{x)(l - e Af i)f = n(e A x(l - e A )f. 

Therefore Xb ~ Xb± in M. 



□ 



3.2. Construction of a map from A4/ ~ to £./ ~. Let X € A4. Following 
Brown, Green and Rieffel we can define the linking algebra L for an ^In- 
equivalence bimodule X. Let 



a x 
y b 



a,b 6 A,x,y 6 X > , 



where y means y viewed as an element in the dual bimodule X of X . In the same 
way as in Brown, Green and Rieffel [2] we can see that Lq is a *-algebra. Also we 
regard Lq as a *-subalgebra acting on the right Hilbert A-module X © A. Hence 
we can define an operator norm in Lq acting on X © A. We define L as the above 
operator norm closure of Lq- But, since X is complete, in this case L = Lq = Lq. 
Let Bx be a subset of L defined by 



B x = 



a x 
x$ a 



a e A,x £ X 



By direct computations, we can see that Bx is a *-subalgebra of L and since X 
is complete, Bx is closed in L, that is, Bx is a C*-subalgebra of L. We regard 
A as a C*-subalgebra ' 



onto A defined by E 



x 



a 



a £ A \ of Bx- Let Ex be a linear map of Bx 

£ Bx- Then by easy 



a x 




'a 


for any 


a x 




)- 


a 




x^ a 






x$ a 



computations Ex is a conditional expectation of Bx onto A. 
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Lemma 3.2.1. With the above notations, Indexi?x = 2. 



Proof. There are elements z\, . . . ,z n , yi,...,y n G X such that Yn=i ( z i> Vi)A = 1 
by Rieffel ^2 the proof of Proposition 2.1] since X is an A-A-equivalence bi- 

module. For i — 1, 2, • • • , n let Wi be an element in X with w, = z\. Then 

Wi yi 

w\ J ' [y\ 
for by direct computations. In fact, for 



1 
1 



1 
1 



u< 



Also, 



a x 
x« a 



i = 1, 2, • • • , n j is a quasi-basis 



E 



a x 

x* a 

a x 

x$ a 





1 







1 







a 







1 


) 





1 




a 



wl 



) 


"o 


Vi 







A {x,w\)yi 




y\ 







_(x i ,w l ) A y l 






E^ x ' w ^ yj = ^x{w\,y l ) A = x, 



J2(x t ,w l } A yl = ^ A {x,w\)y\ =^2V( A (x,wl)yi) = x\ 

i—1 i—1 i—1 

where V is an A-A-equivalence bimodule isomorphism defined in Lemma 12.2.11 
Hence 

Wi 
wl 



a x 
x 1 * a 



E 

Similarly 

E 

i 

Thus 





1 







1 










1 


) 





1 



J2 E 

i=l 



a x 
a 



y % 



a x 
x* a 



1 
1 



1 
1 



a x 
x& a 



Wi 
wl 



E 



IndexEjf 



1 
1 



E 



w] 



y 4 

y\ o 

o Vl 

y\ o 



a x 
x$ a 



2 
2 



Therefore we obtain the conclusion. 



a x 
x$ a 



□ 



1 




Remark 4. Let e be an element in L(= Lq) defined by 
that for any b € Bx, ebe = Ex(b)e. Furthermore the map 



Then it is obvious 



a 


0" 




a 


0" 







i— > e 







a 




a 



a 




for a £ A is injective. And hence L is the C*-basic construction of A C -B 



by Watatani [21 . 
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Let Q be a map from M/ ~ to £/ ~ defined by £/([X]) = [Bx,Bx] for any 
[X] G M/ ~. 



Lemma 3.2.2. £ is well-defined. 

Proof. Let e M with X ~ X x . Let (B X ,E X ) and (B Xl ,E Xl ) be elements 

in £ induced by X and Xi, respectively. Since X <~ Xi, there is an involutive 
A- A-equivalence bimodule isomorphism p of X onto Xi . Let 7r be a map of B x to 



Bxi defined by for any 
clear that tt is linear. For 



a x 
x$ a 
a x 
x$ a 



€ Bx, 7T 

e B x , 



a x 
x* a 



p(x) 
a 



. Then it is 



a X 


)'- 


a 


p(x) 


* 


" a* p(x*y 


-( 


' a x~ 


_xtl a_ 




rtx)* 


a 




p(x) a* 


_x* a_ 



Also for 



a x 
xf a 



and 



A b 



G B 





" a 






~b 


y 




-( 




a_ 






b_ 


)- 



and 



a x 
xB a 



« & 



a& + a{x, y") p(ay + xb) 
p(xb + ay)$ (x t ,y) A + ab 



ab + a(p(x), p{y^)) p(ay + xb) 

p(xb + ay)$ (p(x i ),p(y)) A + ab 



a x 
x" a 



« 6 



ab + a(x,u^) p(ay + xb) 
p(xb + ay)$ (x\y)A + ab 

Hence 7r is a homomorphism of B x to B Xl . Furthermore, by the definition of tt, tt 

a x 
xtt a 



is a bijection and tt 





a 


0" 




a 





< 





a 


)- 


J) 


a 



for any a G A. And for 



G Bx 



(Bi o tt) 



a x 
x" o 



= Bi 



a p(x) 
p(x)" a 



a 
a 



a x 
xi a 



Therefore the proof is complete. 



□ 



3.3. Bijection between £/ ~ and A4/ <~. In this subsection, we shall show that 
T oQ = id M /^ and Q o T = id c /^. 

Lemma 3.3.1. Lei (B, B) &e an element in C and C*(B, e^) the basic construction 
for (B,B). Then for each x G C*(B,ca), there uniquely exists b G B smc/i i/iai 
e^x = e^fe. 

li 



Proof. Let x = ^ fr^e^Ci, where c, S -B. Then 

e^a: = ^ eAheACi = ^ e AE{h)ci = E(bi)a. 

i i i 

And hence b — Yli E(bi)ci. If e^fo = e^fr', where 6, b' G then 

where -E is the dual conditional expectation of C*{B,ca) onto B. Thus we obtain 
the conclusion. □ 

Let (B,E) be an element in C. Let B_ be a linear subspace of B defined by 

B- = {6eB| £(&) - } = { b G B | 0(6) - -6 }, 

where /3 is an automorphism of _B defined in Proposition 12. 1 .Tl By a routine com- 
putation we can see that B_ is an element in M. with the involution x* — x* and 
the left and the right A-valued inner products defined by 

a{x,v) = E(xy*) (x,y) A = E(x*y), for x,y € -B_. 

Lemma 3.3.2. FKii/i i/ie above notations, B_ ~ i.e., [£?_] = [Xb] m .M/ ~. 

Proof. By Lemma 13.3.11 we can define a map tp from C*{B,ca) to i? by eA£ = 
e^y(x). For e^x(l — e^) 6 X^, we have 

eAx(l - e A ) = e A p{x) - eA#(^(») = e A {^f{x) - E(cp(x))). 

And hence 

yj(eAx(l - ca)) = <p(x) - E(tp(x)) G 
It is easy to see that <p\x B is an ^4-^4-bimodule isomorphism of Xb onto Fur- 
thermore for €ax{\ — ca), eA2/(l — ca) G Xb, 

A (e A x(l - e A ),e A y(l ~ e A )) = ^{E^x) - E(ip(x)))((p(y) - E(<p(y)))*)e A ) 

= E(( v (x) E{ V {x))){y{y) - E(<p(y)))*) 
= a {<p(x) - E(<p(x))Mv) - E{ V (y)))- 

Similarly, 

(e A x(l - e A ),e A y(l - e A ))A = ((p(x) - E(<p(x)), Lp{y) - E(ip(y))) A - 
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And 



<p((e A x(l - e A )f) = <p@(e A x(l - e A ))*) = <p@((l - e A Mx)*e A )) 
= tp(e A ip(x)* (1 - e A )) = p(x)* - E(ip(x)*) 
= (<p(x) - E((p(x)))* = tp(e A x(l - e A ))*. 
Hence X B ~ B- in M. □ 

Lemma 3.3.3. Q o T = id^/^- 

Proof. For (B,E) € C, it is easy to see that G([B-]) = [B,E]. Since [X B ] = [BJ\ 
by the previous lemma, Q o T(\B,E\) = G([Xb]) = [B,E]. Thus the lemma is 
proved. □ 

Lemma 3.3.4. T o Q = idj^/^,. 

Proof. For X e M, 



(B x )_={xeB x | E x (x)=Q} = 



xex 



x 
_x* 

So it is easy to see that [(Bx)-] = [X]. And hence by Lemma 15. '3. 21 



ToQ([X\) = T([Bx,E x ]) = [(BxU = [X]. 
This completes the proof. □ 

Theorem 3.3.1. There is a 1-1 correspondence between £/ ~ and M./ ~. 

Proof. This is immediate by Lemmas 13.3.31 and 13.3.41 □ 

4. Applications 

4.1. Construction of involutive equivalence bimodules by 2Z-inner C*- 
dynamical systems. Let A be a unital C*-algebra and (A, Z, a) a 2Z-inner C*- 
dynamical system which means that (A, Z, a) is a C*-dynamical system and that 
there is a unitary element z £ A with a(z) — z and a 2 = Ad(z). In this case, 
we can form the restricted crossed product A x Q /2z Z in the sense of P. Green^. 
Let X a be the vector space A with the obvious left action of A on X a and the 

13 



obvious left A-valued inner product, but we define the right action of A on X a by 
x ■ a = xa{a) for any x £ X a and a £ A, and the right A-valued inner product by 
(x,v)a = a~ 1 (x*y) for any x.y £ X a . 



where z is a unitary element of A with a(z) — z and a 2 ~ Ad(z). 

Proof. Since a{z) — z and a 2 — Ad(z), by routine computations, we can see that 



Proposition 4.1.1. With the above notations, we suppose that A is simple. Let 
B Xa be a C* -algebra defined by X a and L the linking algebra for X a defined in 
Section 2. Then the following conditions are equivalent: 

(1) B Xa is simple, 

(2) A' n B Xa = C • 1, 

(3) B' Xa n L = C • 1, 

(4) a is an outer automorphism of A. 

Proof. (1) =S> (2): By Proposition ETU B x = A. Since A is simple, by Pedersen 
[TUl Proposition 8.10.12], [3 is outer. Hence by Pedersen ^| Proposition 8.10.13], 
A'OB Xa =C-1. 

(2) <^ (3): By Watatani [T^l Proposition 2.7.3], A 1 n B Xa is anti-isomorphic to 
B' x n C* (B Xa ,,eA). This implies the conclusion. 

(2) => (4): We suppose that there is a unitary element w £ A such that a = 
Ad(w) Then for any a £ A 



Lemma 4.1.1. We can define an involution x i— > x" on X a by 



x* = a(x*)z, 



the map ihp defined by x" = a(x*)z is an involution on X, 



□ 



w ■ a — wa(a) 



= aw = a ■ w. 



So it is easy to see that 



w 
vJ 



g A'nB Xa . 



This is a contradiction. Thus a is outer. 
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(4) =>■ (1): We can identify L with the C* -basic constraction of A C Bx a by 
Remark 0] Let (3 be an automorphism of Bx a defined in the same way as in 
Proposition ^ . 1 . ll and let be its dual automorphism. Then L 13 — Bx a by Lemma 



12.1.41 We suppose that (3 is inner. Then there is a unitary element w 
such that (3 — Ad(w). Hence for any c G A 



a x 



G L 



Hence we obtain that 



"c 0" 







)" 


"0 




c 





a x 



c 




a x 
V b 



aca ac ■ y 

ac* -y (c* ■ y, y) A 

for any c G A. Put c — 1. Then a — and (y, y) a — 1- Since w is a unitary element, 
by a routine computation we can see that b = and A{y,y) = 1< This implies that 
y is a unitary element in A. Since c = (c* • y,y)A = Oi(y*cy) = a(y)* a(c)a(y) for 
any c £ A, a is inner. This is a contradiction. Hence /3 is outer. Since L and A are 
stably isomorphic by Brown, Green and Rieffel (2), £ is simple. By Pedersen |1(JI 
Theorem 8.10.12], B Xa = L$ is simple. □ 

Lemma 4.1.2. Let (A, Z, a) 6e a 2Z-mner dynamical system with a{z) = z and 
a 2 = Ad(z), where z is a unitary element in A. Let B is the restricted crossed prod- 
uct j4x a /2zZ associated with (A,Z,a) and E the canonical conditional expectation 
of B onto A. Then Xb = X a as involutive A- A- equivalence bimodules, where Xb 
is an involutive A- A- equivalence bimodule induced by (B,E). 



Proof. We may assume that A acts on a Hilbert space H . By Olesen and Pedersen 
Proposition 3.2], we also assume that B acts on the induced Hilbert space 
InS^H). Let 



C = { 



a x 
a{xz) a(a) 



G M 2 (A) \a,x e A}. 



Since A acts on H, we can C as a C*-algebra acting on H@H. We claim that B = C. 
Indeed, let p be a map from K(Z, A, z) to C defined by for any / G K (Z, A, z) 



P(f) 



/(0) /(I) ' 
a(/(l)z) a(/(0)) 
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where if (Z, A, z) is a *-algebra of all functions / : Z — > A satisfying that f(n — 
2m) = f(n)z m for any m, n £ Z (see Olesen and Pedersen JjjJJ). Then by routine 
computations p is a homomorphism of K (Z, A, z) to C. Let f be a map from 
In£; z (H) to # © if defined by J7£ = £(Q) © £(1) for any £ S A'(Z, A, z). Then by 
an easy computaion U is a unitary operator of Ind^ % {H) onto H (B H. Moreover, 
for any / £ K(Z, A, z), p(f) — UfU*. Hence p is an isometry of K(Z,A,z) to C 
and we can extend p to an isomorphism of B onto C since K(Z, A, z) is dense in B. 

) = 



a x 
a(xz) a{a) 



Thus B = C. Let F be a linear map of C onto A defined by F( 

£ C, where we identify A with a C*-algebra 
a £ A}. Then by an easy computation (B,E) ~ {C,F) in C. Let 



a 


for any 


a 


X 


a(a) 


a(xz) 


a(a) 



{ 



a 
a(a) 

(£?x Q , -Ex Q ) be an element in C induced by the involutive ^4-^4-equivalence bimodule 



X a . Let $ be a map from C to Bx a defined by 

a x 



) 



a i£ 
a;' a 



a(xz) a(a) 

, . , , S C. Then by routine computations $ is an isomorphism 
a(xz) a(o)J 

of C onto B Xa with F = £ Xa o $. Thus (£, - (B Xa ,E Xa )- By Theorem EHH1 



for any 



Xb ~ X a in M. 



□ 



Let B be a unital C*-algebra and A a C*-subalgebra of B with a common unit. 
Let E be a conditional expectation of B onto A with IndexA = 2. For any nel 
let M n be the n x n-matrix algebra over C and M n (A) the n x n- matrix algebra 
over A. Let x*)}f =1 be a quasi-basis for E. We define g = [qij] £ M n (A) by 
q.y = E(x*Xj). Then by Watatani 9 is a projection and C* (B, e^) ~ qM n (A)q. 
Let 7r be an isomorphism of C*(B, ca) onto qM n {A)q defined by 

n(ae A b) = [E(x*a)E(bxj)} £ M n (A) 

for any a,b £ B. Especially for any b £ B, w(b) — [E(x*bxj)\ since ^Z i=1 a^e^x* = 
1. 



Proposition 4.1.2. W^i/i i/ie above notations, the following conditions are equiv- 
alent: 
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(1) eA and 1 — eA are equivalent in C*(B,eA), 

(2) there exists a unitary element u £ B such that {(1, 1), (u, u*)} is a quasi- 
basis for E , 

(3) there exists a 21,-inner C* -dynamical system {A, Z, a) such that X a ~ Xb- 



Proof. (1) =>■ (2): We suppose that there is a partial isometry v £ C*(B,eA) such 
that v*v = eA, vv* = 1 — eA- Then veAV* = 1 — eA- By Lemma 13.3.1 1 there exists 
an element u in B such that vca = ueA and hence ucau* = 1 — eA- Let E be the 
dual conditional expectation for E. Then 

uu* = 2E(ue A u*) = 2E(1 - e A ) = 1. 

Therefore u is a co-isometry element in B. Since eAU*ueA — cav*vca = eA, we 
have E(u*u) = 1 and E(l — u*u) = 0. And hence u*u — 1 i.e., u is a unitary 
element in B. For any x £ B 

xca = (ca + ue A u*)xeA = E(x)ca + uE(u* x)eA — {E(x) + uE{u*x))eA- 

Thus x — E{x) + uE(u*x) by Lemma 13.3.11 Similarly, x = E{x) + E{xu)u* . This 
implies that {(1, 1), (u,u*)} is a quasi-basis for E. 

(2) (1): We suppose that {(1, 1), (u, u*)} is a quasi-basis for E and that u is 
a unitary element in B. Then 

u = E{u) + uE{u*u) = E(u) + u. 

This implies that E(u) = 0. Hence 

[£(1-1) E{u)' 
q I E{u*) E{u*u) 

Therefore C*(B,ca) — M 2 {A). Furthermore 



7r(eA) 



1 






1 


0" 









1 








"0 




6a) 







1 



And hence eA ~ (1 — ca) in C*(B,ca)- 

(2) =>• (3): We suppose that {(1, 1), (u, u*)} is a quasi-basis for E and that u is 
a unitary element in B. Then in the same way as above E(u) = 0. For any a £ A 

uau* = E(uau*) + E(uau*u)u* = E(uau*) + E{u)au* = E(uau*). 
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Therefore uAu* — A. Let a be an automorphism of A defined by a(a) = uau* 
for any a £ A. Since u 2 = E(u 2 ) + uE(u*u 2 ) = E(u 2 ), u 2 is an element in A. 
Therefore (A, Z, a) is a 2Z-inner C*-dynamical system. It is easy to see that 

X a ~ Au = B_ = { b e B | E(b) = }. 

By Lemma ESU X a ~ X B . 

(3) =>■ (2): We suppose that there exists a 2Z-inner C*-dynamical system 
(A, Z, a) such that X Q ~ Xb- By the previous lemma, we may suppose that 
B = A xi a /2z Then there exists a unitary element u € B such that Ad(u) = a, 
u 2 e A and -E(w) = 0. By a routine computation we can see that {(1, 1), (u, u*)} is 
a quasi-basis for E. □ 

Corollary 4.1.1. Let 6 be an irrational number in (0, 1) and Ag the corresponding 
irrational rotation C* -algebra. Let B be a unital C* -algebra including Ag as a 
C* -subalgebra of B with a common unit. We suppose that there is a conditional 
expectation E of B onto Ag with Indcxi? = 2. Then there is a TL-inner C* - 
dynamical system (Ag,Z,a) such that (B,E) ~ (Ag x a /2Z Z, F), where F is the 
canonical conditional expectation of Ag x a /2z^ onto Ag. 

Proof. Let e be the Jones projection induced by E. We can identify the basic 
construction C*(B, e) with qM n (Ag)q in the same way as in the previous argument. 
Hence C*(B,e) has the unique normalized trace r and r(e) = t(1 — e) = s. So it 
is easy to see that e ~ 1 — e in C*(B, e) since Ag has cancellation. Therefore we 
obtain the conclusion by the previous proposition. □ 

4.2. Examples. In this subsection, let Ag be as in Corollar y. 1 . II and let u, v be 
two unitary generators satisfying the commutation relation: 

uv = e 27rW vu. 

Example 1. Let A20 be the C*-subalgebra of Ag generated by u 2 and v. Then we 
can denote Ag = {x + yu \ x, y € A2g}. Let E be a map of Ag onto ^20 defined 
by E(x + yu) = x. It is easy to see that E is a conditional expectation of onto 
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A26 with IndexE = 2 and a quasi-basis {(1, 1), (u,u*)}. Hence by Corollary 14. 1.11 
Ag can be represented as the restricted crossed product A 2 g x Q /2z Z, where a is an 
automorphism on A 2 g defined by a — Ad{u). 

Suppose that Ag can be represented as a crossed product A 2 g x^Z2 for some Z2- 
action (3 on A20. Then there exists a self-adjoint unitary element w in Ag satisfying 
that (3 = Ad(w) and Ag = {x + yw \ x, y G ^25/}. Let r be the unique tracial 
state on Ag. By the uniqueness of r, we can see that t(x + yw) = t(x). Let e 
be a projection in Ag defined by e = i(l 4- w). Then r(e) = |. This contradicts 
that t(Aq) = (Zfl 0Z) n (0, 1). Therefore can not be represented as a crossed 
product A20 X/3 Z2 for any Z2-action (3 on A20. 

Example 2. Let ct be the involutive automorphism of Ag determined by cr(u) = u* 
and cr(v) = v* . Let Cg denote the fixed point algebra Ag = {x E Ag \ u(x) — x} and 
Bg the crossed product Ag x CT Z2. Then Bg is the basic construction of Cg C Ag. By 
Kumjian[Hj, i^o-group of Bg, Ko(Bg) is isomorphic to Z 6 . By routine computations, 
we can see [e] 7^ [1 — e] in K (Bg), where e is the Jones projection for the inclusion 
Cg C Ag. Hence e / 1 — e in Be . Therefore the inclusion Cg C Ag can not be 
represented as the restricted crossed product Cg C Cg x Q /2zZ for any automorphism 
a on Ce by Proposition 14 . 1 . 21 

Acknowledgement. The authors wish to thank the referee for some valu- 
able suggestions for improvement of the manuscript, especially for improvement of 
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